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∑

n=−∞

cn(z − z0)
n
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∞
∑

n=−∞

cn(z − z0)
n = lim

N→∞

N
∑

n=−N

cn(z − z0)
n
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∞
∑

n=−∞

cn(z − z0)
n =

−1
∑

n=−∞

cn(z − z0)
n +

∞
∑

n=0

cn(z − z0)
n t~}sz
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_�U&�+��K�H=@:A+B=m�2�I�5�Hok[F�2�H+9�H�vVGoA=F1G=2�4VM�ILE�H=EL034:23G�F=4i@87�H+�8H+4sM�F=4�9�H=a:bcG�H=4:A=@dIO�~��^=�`S
_�U&�J4V�:FJK�H=@:A+B=m�P
� a�A+4VF=234sM�b��xw�4873Ie; @67�485�@8A+G�;3Nf;3a[934:4�@67�485�?=4:A&v3K3A=F�<
•
234:�V?s73I3239�H`IJK�H=@:A+B[2'I�5�H�k[F�2�H+9�HyH=w�@:F+7�m1A+93F�@]p�Fs5�;3A=@dIJG�934:E'F�A+F=2�F�M�E323?��V4
|z − z0| < R1

t�w�?V5�4VM{@:K3;3A&H=A+B�v�K3A=F
R1 6= 0

zo;�I3G+73I34VA=@]I�Gq934VM�H+9�H+7�;3A+; CK34V@:E'F=N D ?'9�E3�3;34:N��
•
G=934�E323?��8H

|z − z0| < R1
2�4:�:?&73I3239�H+I�K�H=@8A=B�2'I�5�Huk[F�2�H+9�H$2�H=@dp�FV5�;3A�@]I

t�032�;3K34VM�0323;f�:A+F'M 934[G�bc03F+7�9I34VA=@dIq9�4:F=w&p�Fs5�;�M�F=4y?�@67�F=G=;�4�@]p�Fs5�;�M�F'@8A+;�z6P
•
G�7�m1w=F'MuM�4:9�B=rL4sM¡E�23?��:4

|z− z0| < R′1
v
R′1 < R1

234V�:?s7�I3239�H`IOK�H=@8A=BL2'I�5�H
k[F=2�H=9�H�@dp�Fs5�;3A=@dIe2�H+G�93F�M�4V2393F�P

¢ H=@:@VM�F=A+2�;�M��d7�H=G=93?�m£K�H�@8A+B¤2'I�5�HJk[F=2�H+9�H�P�h�5�487�H=4VM¥aVH�M�4:93?
ξ = 1

z−z0

P�¦�F C�]5�Hl�X7�H=G=9�H+I|K�H�@8A+BJ2'I�5�Hlk[F�2�H+9�H�0323;�93;�M(H+4VAJG�;�5
∞
∑

n=1

c−n(z − z0)
−n =

∞
∑

n=1

c−nξ
n

¦�H=E'F=N�2'I�5lH+w'@8F+7�m1A+93Fx;�2�H+G�93F�M�4V2393Fx@dp�Fs5�;3A=@dI[032�;
|ξ| < 1

R2

vVK3A+Fy@8F=F�A+G=4VA=@8A=G=?=4:A
G=934VrL93F'@8A+;eE323?��6H

|z − z0| > R2
P3¦	H+E3;�M¥F=w�2�H+a:F'Mjv�;�@803F=7�B=aV?+I|A+4VF=234sM�?q�xw=4:73Iq;
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|z − z0| > R2
t�w�?V5�4sM�@8K3;3A`H+A+B�v�K3A+F

R2 6= ∞
z�;fI3G+73I34VA=@dIfA&H=M

H+9�H+7�;3A+;3K�4V@8E�F=N D ?�93E3��;34:N-�
•
G=93?�A+2�;,E323?��6H

|z − z0| < R2
�d7�H+G=9�H`I�K�H�@8A+B�2�I�5�Huk[F�2�H+9�H$2�H=@dp�FV5�;3A�@]I

t�032�;3K34VM�0323;f�:A+F'M 934[G�bc03F+7�9I34VA=@dIq9�4:F=w&p�Fs5�;�M�F=4y?�@67�F=G=;�4�@]p�Fs5�;�M�F'@8A+;�z6P
•
G=FOG�934:r�93F�@:A+;f7�mow=F��:FOw�ËF=7�B=rL4V�:FJE�23?��6H

|z − z0| > R′2
v
R′2 > R2

�X7�H+G�9�H`I
K�H=@:A+BJ2�I�5�HJk[F=2�H=9�Hl@]p�Fs5�;3A=@dIe2�H=G=93F'M�4:2393F�P

Ì @87�;
R2 < R1

v3A+FO@8?�n�4V@8A=G=?=4:AJF=w=nlH`IqF=w+7�H=@8A=BJ@]p�Fs5�;�M�F'@8A+;f�X7�H+G=9�F=Nq;f032�H CG=;7�B�93F=NuK�H=@:A+4:N C�Í \��'�XU&�+U&� Í Ud����Î�U R2 < |z − z0| < R1
P�>�23;��:A+F'M

R1
F=032�4 C5�4873I34VA=@dI 0323;�03F'M�F=nL; E'F�� D[D ;3��;34:93A=F=G cn v n = 0, 1, 2, . . .

0�F D F=2�M�?s7�4�Ï�F�rL; C�j5�H�M(H+2�H
R1 =

1

L1
, L1 = lim

n→∞

n

√

|cn|

�
R2
F�0323465�4:73I34:A�@]If0323;f03F�M�F�nL;eE'F�� D[D ;3�3;34V93A+F�G c−n v n = 1, 2, . . .

v0�23;3K34sM
R2 = lim

n→∞

n

√

|c−n|

¢ ;�@+P�}=<'/1w+7�H�@8A+B[@]p�Fs5�;�M�F'@8A+;J2'I�5�H�k[F=2�H=9�Hlt�E�F+7�B��3F'z�4V@8A=B[034:234s@84:K�4:93;34xF=w+7�H=@8A=;@]p�Fs5�;�M�F'@8A+;�4:�VF¥032�H+G�;7�B=9�F=N{K�H�@8A+;Ðt�G=93?�A+234V9393F'@8A+;�E�23?��6H
|z − z0| < R1

z|;
F=w+7�H=@8A=;e@dp�FV5�;�M�F�@8A=;e4:�VFl�X7�H=G=93F�N|K�H=@8A=;¡t�G=934VrL93F�@:A+BJE323?��8H

|z − z0| > R2
z6P

� a[@8EH+asH+9393F��:FJM�F&§¤93F¤@]5�487�H+A+B¤@87�465�?�m1nL;34[G=bcG�FV5�b[<
•
¦�H=E�E�H+EuF�w�Hf2�I�5�H3v	E�H=E¡0�2�H+G�;7�B=93F�N-v-A`H+Eu;��d7�H=G=93F�N$K�H=@8A=4:N�@dp�FV5�I3A=@]IuG
E'F=7�B=�34

R2 < |z − z0| < R1
^`Ñ`Ò8UX��ÓcÔ�_�Usvi2�I�5�k[F�2�H+9�H$Gu�34:7�F�MÐA`H+E§�4

@]p�Fs5�;3A�@]IfH=w�@8F=7�moA=93FlGJ�:A=F�M¥E'F+7�B��34=P
•
hi?M(M(H 2'I�5�H�k[F=2�H=9�H CyD ?�93E��3;I{^+_�^:����Ô���Õ�:Ò Í ^:RÖG�E'F+7�B=�34 R2 < |z −
z0| < R1

v�E�H+E�@8?M(M(H¤5�G�?'p H=9�H`7�;�A+;3K34s@8E3;p D ?�93E3�3;3N�v�@8F�F=A+G�4:A=@:A+G=?�m1nL;p032�H=G=;7�B�93F=Nq;f�d7�H=G=93F�NqK�H=@:AVI�MjP
•
��934JaVH�M�E393?�A+F=�VFeE'F=7�B=��H

R2 ≤ |z − z0| ≤ R1
Fs5�;39$;�aJ2�I�5�F�G�v�7�;3w�Fe032�H CG=;7�B=93F=N�v-7�;3w=F��d7�H=G=93F�N¡K�H�@8A+;�2�H�@]p�Fs5�;3A�@]I-v	0323;3K�4VM×0�23;��:A=F�M�5�73I�934V�:F

934yG=bc03F=7�9I34:A�@]I|934VF=w&p�FV5�;�M�F=4o?�@67�F�G=;34y@]p�Fs5�;�M�F'@8A+;-P¦	H+E3;�M�F�w=2�H=a:F�Mjv�G�934
aVH�M�E393?�A+F=�VFoE'F=7�B=��H

R2 ≤ |z−z0| ≤ R1
2'I�5lk[F�2�H+9�Hx2�H=@dp�Fs5�;3A=@dI|t�EH+E�@:?M CM(H|@]p�Fs5�I3nL4V�:F�@dIf;�2�H=@dp�FV5�I3nL4:�VF�@dIe2�I�5�F�G'z8v�032�;3K34VM,A&H�M�934LG=bc03F=7�9I34:A�@]I

934:F�wsp�Fs5�;�M�F�41?�@87�F=G�;34�@dp�FV5�;�M�F�@8A=;-P
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R′2 < |z − z0| < R′1
v
R′2 > R2

v
R′1 < R1

v�2�I�5
k[F=2�H=9�H�@dp�Fs5�;3A=@dI|\^+�+_�UdWL��\�_�U&P
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R2 > R1

z8v
G=bc23F&§l5�H+4VA=@]I�G=FqG=934VrL93F'@8A+Bq934VE'F=A=F=23F=�VF|E32�?'�8H�t�0323;

R1 = ∞
z8v�G=bc2�Fs§l5�H+4VA=@dI

G=F[G�@:m,E'F'M�07�4:E@893?�m�07�F�@:E'F'@8A+B[w�4:acFs5�93F=NJA+F�K3E3;�t�0323;
R1 = ∞

v
R2 = 0

z(;JA&P 5	P
>�23;�M�4:2�b[<
}�P ¢ H�@:@:M�F�A+23;�M¥2'I�5

∞
∑

n=1

n · 2n

(z + i)n

ÙiA+F C 2�I�5�k[F=2�H+9�H�v�?�E�F=A+F�23F=�VF�;�M�4:4VA=@]I�A=F+7�B�E'F �d7�H=G=9�H+I�K�H=@8A=B�P�Ú[H=N3A+;{4V�:FF=w+7�H=@8A=Bl@dp�Fs5�;�M�F�@:A+;fM�F&§¤93FJ03FJ0�23;3a:9�H=E3?qÏ�F=r�;

l = lim
n→∞

n

√

∣

∣

∣

∣

n · 2n

(z + i)n

∣

∣

∣

∣

=
2

|z + i|
< 1

/1A=@8m�5�H|@87�465�?=4VA&v�K3A+FqF=w=7�H=@:A+BO@dp�Fs5�;�M�F�@:A+;��:A=F=�:F|2�I�5�H
|z + i| > 2 C G=934VrL93F'@8A+BE323?��6HJ@��34:9�A+23F�M¥GJA=F=K3E�4

z0 = −i
;f2�H&5�;�?�@8F�M

R = 2
P

Ø P ¢ H�@:@:M�F�A+23;�M¥2'I�5
∞
∑

n=1

(

zn

3n
+ 2nz−n

)

>�2�H+G�;7�B=9�H`Iu; �X7�H+G=9�H`I�K�H=@8A=; 2�I�5�H�k[F=2�H=9�H 032�465�@8A`H+G=7�4:93b[v(@8F�F=A+G�4:A=@:A+G=4V9393F�v
2�I�5�H�M�;

∞
∑

n=1

zn

3n
; ∞

∑

n=1

2nz−n

� @803F=7�B=aV?+I D F=2�M�?&7�?¤Ï�F=r�; C �c5�H=M(H=2�H3v�934:A=23?V5�93Fl0323F�G=4V23;3A+B�v�K3A+Fl2�I�5|5�73I|032�H CG=;7�B�93F=N�K�H=@:A+;¥@]p�Fs5�;3A�@]I�G�E323?��:4
|z| < 3

v�G�A+F�G�234VM�I�EH+E�2'I�5 5�73I �d7�H=G=93F�N
K�H=@:A+;q@dp�Fs5�;3A=@dI|G=F�G=934VrL93F�@:A+;|E323?��8H

|z| > 2
P�/1A=@:mi5�H�03F+7�?'K�H+4VMjv�K3A+Fl2�H=@V@:M(H+A C23;3G�H=4VM�bcNe2�I�5�k[F�2�H+9�Hl@]p'FV5�;3A�@]IeGJE�F+7�B��34

2 < |z| < 3
P
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¦-4VF=234sM�Hf}sâ3Pã} t�¦�4:F=2�4VM(Hlk[F�2�H+9�H�v'@:?�nL4V@:A+G=F�G�H+9�;34sz8P Ì @67�; D ?'9�E3�3;I f(z)

H+9�H+7�; CA+;3K34s@8E�H+I�G¡E'F=7�B=��4
T = {R2 < |z − z0| < R1}

v�A+FuF=9�H�2�H=a87�F&§¤;�M(H$G$�VA+F�M
E'F+7�B=�341Gl2�I�5fk[F�2�H+9�H3v

f(z) =
∑∞

n=−∞ cn(z − z0)
n
v�032�;3K34VM E'F�� D[D ;3�3;�4:93A+b cnM�Fs§¤93FJG�bcK3;�@87�;3A+B¤03F D F=2�M�?&7�4

cn =
1

2πi

∫

C

f(ξ) dξ

(ξ − z0)n+1
, n = 0,±1,±2, . . .

t Ø z

ä



�]5�4
C C 0323F=;3aVG=F=7�B=9�H+IlF�E323?'§J9�F�@8A=B�v�0323F&p�FV5�;�M(H+I¤G�03F=7�F&§J;�A+487�B�93F�M¡9�H+032�H=G+7�4 C93;3;-v�@y�34V93A+23F'M G¤A+F=K3E�4

z0
v3��487�;3E�F�M 7�48§lH=n�H`IqGJE�F+7�B��34

T
P

å U Í ^Væ+^+Ôl�~���'Ò8ÔJ�`U+çè ^+��é P-��F=aVB�M�4VM{0323F�;3a:G�F+7�B�93?�mêA+F=K3E3?
z
G=93?�A+23;$E'F=7�B=��H

T = {R2 < |z −
z0| < R1}

P�>�F'@8A+2�F=;�M�5�G=41F=E323?'§¤93F'@8A+;-v
C1 : |ξ− z0| = R′1

;
C2 : |ξ− z0| = R′2

v
@y�34V93A+23F'M¥GJA+F=K3E�4

z0
;e2�H&5�;3?�@VH=M�;

R′1
;
R′2
v3A`H+E-v3K3A=F=w=b

R2 < R′2 < |z − z0| < R′1 < R1

¢ ;�@+P Ø <'Ï{5�F=E�H=aVH=A+487�B'@8A+G�?LA+4VF=234VM�b,k[F=2�H+9�H�P+Ï[F+7�B=��F
T
;¤E�F=93A+?�23b,;393A+4V�:23;32�F CG�H+9�;I-v;�@803F=7�B=aV?=4VM�bc4�0323;q5�F�E�H+asH+A+4:7�B�@:A+G=4�P

>�23;�M�4V93;�MëE�E'F+7�B=�3?
R′2 < |z − z0| < R′1 D F=2�M�?&7�?�Ï�F�rL;ìt��VA+F�M�F&§¤93F@¹5�4:7�H+A=B�v�A`H+E�EH+E

f(z)
G¥�:A=F�MíE'F=7�B=��4�H=9�H`7�;3A=;3K39�H ;�@:H=M(H D F=2�M�?&7�H Ï�F=r�;0323;�M�4V93;�M(H�5�73IfM�93F��:F'@8G+I3aV93bjpOF�w+7�H�@8A+4VN�z6P3>�F=7�?�K3;�M

f(z) =
1

2πi

∫

C
+

1

f(ξ) dξ

ξ − z
+

1

2πi

∫

C
−

2

f(ξ) dξ

ξ − z
= f1(z) + f2(z)

g�5�4V@:B a:9�HsK3E�;�î
+ ï ;�î −ï 9�H`5�E�F=93A=?'2�F�M�;393A+4V�:23;32�F=G�H=93;IuF=a:9�HsK�H=moA 03F+7�F&§¤; CA+487�B�93F=4�;fF=A=23;3��H=A+487�B�93F=4�9�H=032�H=G+7�4:9�;IqF=w&p�Fs5�H3v@8F�F=A+G�4:A=@:A+G=4V9393F�P

è ^+��ð t�2�H+a:7�F&§�4:93;34 D ?'9�E3�3;3; f1(z)
z6P�/1w=F=aV9�H&K3;�M

∣

∣

∣

∣

z − z0

ξ − z0

∣

∣

∣

∣

= A

Ú[HoF=E323?'§¤93F'@8A+;
C1 : |ξ−z0| = R′1

a:9�H&K34:9�;34
A
934�asH+G�;�@8;3A1F=A

ξ
v`0323;3K34sM�G�bc03F+7 C9I34:A=@dI�934:2�H=G=4V9�@8A+G�F

A < 1
P`>�F=�VA+F�M�?�vV;�@803F=7�B=a:?+I D F=2�M�?s7�?[@8?M(M�b�w�4V@:E'F=9�4:K393F�N�:4:F'M�4:A+2�;3K34V@:E'F=Nf0323F��:234s@:@8;�;-v3M�F&§¤93FJasH+03;�@VH+A+B

1

ξ − z
=

1

ξ − z0 − (z − z0)
=

1

ξ − z0
·

1

1− z−z0
ξ−z0

=
1

ξ − z0
·

∞
∑

n=0

(

z − z0

ξ − z0

)n

ñ



>�FLA+4VF=234sM�4���4:N34:2�rLA+2�H�@:@VH��VA+F=A�2'I�5e2�H+G=9�F�M�4:2�93F�@dp�FV5�;�A=@]Iq9�H
C1
t·M(H`§�F�2�H+93A C93bcN�2'I�5 1

|ξ−z0|

∑∞
n=0 A

n
z6P	òL?�93E3��;I

f(ξ)
H=9�H`7�;3A+;3K34s@8E�H+I�GeasH&5�H=9393F�M{E'F+7�B��34

T
v�@67�485�F=G'H+A+4:7�B=9�F�F�9�H$934:032�4:23bcG�9�H$;�4:4�M�FV5�?&7�B¡F��:2�H+9�;3K34:9�9�H$E'F�93A+?�234

C1
v

�3487�;�E'F�Mu0323;39�H`5�7�4:§lH+nL4sM¡E'F=7�B=�3?
T
P�>�F=�VA+F�M�?L5�H=9393bcNO2�I�5fM�Fs§¤93FL?M�93F&§¤;3A+B

9�H
f(ξ)

;f03F=K7�4:9393F¤0323F=;39�A+4:�V23;323F=G'H+A+BJ03F
C1
P3>�F=7�?�K3;�M

f1(z) =
1

2πi

∫

C+

1

f(ξ) dξ

ξ − z
=

∞
∑

n=0

cn(z − z0)
n

�]5�4

cn =
1

2πi

∫

C+

1

f(ξ) dξ

(ξ − z0)n+1
, n = 0, 1, 2, . . .

è ^+�[ó t�2�H+a:7�F&§�4:93;34 D ?'9�E3�3;3; f2(z)
z6P�/1w=F=aV9�H&K3;�M

∣

∣

∣

∣

ξ − z0

z − z0

∣

∣

∣

∣

= B

Ú[H|F=E323?'§¤93F'@8A+;
C2 : |ξ − z0| = R′2

aV9�HsK34V93;34
B
934laVH=G=;�@:;3A|F=A

ξ
v�0323;3K34sM

G=bc03F=7�9I34:A�@]I{9�4:2�H=G=4:9�@8A+G�F
B < 1

Pc>�F=�:A=F�M�? 1
ξ−z

M�F&§¤93F�@893F�G�Hu2�H+a87�Fs§¤;3A+B�v
;�@803F=7�B=aV?+I D F=2�M�?&7�?|@8?M(M�b�w=4V@:E'F�934:K39�F=Nq�:4VF�M�4VA+23;3K34s@8E'F�Ne032�F=�:2�4V@:@:;3;-v

1

ξ − z
=

1

ξ − z0 − (z − z0)
= −

1

z − z0
·

1

1− ξ−z0
z−z0

= −
1

z − z0
·
∞
∑

k=0

(

ξ − z0

z − z0

)k

>�FLA+4VF=234sM�4���4:N34:2�rLA+2�H�@:@VH��VA+F=A�2'I�5f@dp�Fs5�;3A=@dI|2�H=G=93F'M�4:2393F�9�H
C2
t·M(H`§�F�2�H+93A C93bcN�2�I�5 1

|z−z0|

∑∞
n=0 B

n
z6P�ôLF'M�93F&§J;�Mì�:A+F�A¡2�I�5{9�H

f(ξ)
;�0323F=;�93A+4:�V23;323?=4sM

03F=K7�4:9393FJ0�F
C2
03F

ξ
<

f2(z) =
1

2πi

∫

C
−

2

f(ξ) dξ

ξ − z
= −

1

2πi

∞
∑

k=0

∫

C
+

2

f(ξ)(ξ − z0)
k

(z − z0)k+1
dξ

/1w=F=aV9�H&K3;�M
n = k + 1

P3¦�F=�d5�H¤M�Fs§¤93FJasH+03;�@:H+A=B

f2(z) =

∞
∑

n=1

c−n(z − z0)
−n

�]5�4[G=G�465�4V93FlF=w�F=a:9�HsK34V93;34

c−n = −
1

2πi

∫

C−
2

f(ξ)(ξ − z0)
n−1 dξ =

1

2πi

∫

C+

2

f(ξ)(ξ − z0)
n−1 dξ

è ^+�cõ P->�Fs5�bc93A=4:�:2�H+7�B=9�bc4 D ?�93E3�3;�;�GeG�bc2�H`§�4V93;Ipf5�73I cn ; c−n H+9�H`7�; CA+;3K393bêGqE�F+7�B��34
T
P.>�F��:A+F'M�?=v�Gf@8;7�?�A+4:F�234VM�bêÏ�F�rL;-v�aV9�HsK34V93;I$@8F=F�A+G=4VA=@8A=G=? CmonL;3p�;39�A+4:�:2�H`7�F�Gq934l;3asM�4:9I3A=@dI$0323F|5�4 D F�2�M(H+��;3;¥t�9�4:03234V23bcG=93F�N-ö÷zoE'F�93A+?�23F=G;393A+4V�:23;323F�G�H=93;I

C1
;
C2
GeE'F+7�B=�34

T
P	ÙiA+Fe03F=aVG=F=73I34:A|aVH+0�;�@:H=A+BqF=w�nL4:4�G=bc2�H C§�4:93;34�<

cn =
1

2πi

∫

C

f(ξ) dξ

(ξ − z0)n+1
, n = 0,±1,±2, . . .

ø
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C C 0323F�;3a:G=F=7�B=9�H`I¡F=E32�?�§¤93F'@8A+B�v	0323F&p�FV5�;�M(H`IuG�0�F+7�F&§J;�A+487�B�93F�M×9�H=032�H+G C7�4:93;�;-v�@[�34:93A+2�F�M�GOA+F�K3E'4

z0
v��3487�;3E'F�M¥7�48§lH+nlH`IfG¤E�F+7�B��34

T
P�/1E�F=93K�H+A+4:7�B=93F�v

5�73I
f(z)

03F=7�?�K�H+4sM

f(z) = f1(z) + f2(z) =

∞
∑

n=0

cn(z − z0)
n +

∞
∑

n=1

c−n(z − z0)
−n =

∞
∑

n=−∞

cn(z − z0)
n

¦�H=E¤E�H=E
z C 0323F=;3aVG=F=7�B=9�H+I�A+F�K3E�H[E'F+7�B=��H T v=2�I�5q@dp�Fs5�;3A=@dIJE f(z)

G�@:mi5�?LG�93?�A+23;
5�H+939�F=�:FJE'F+7�B���H3P3¦�4:F=2�4VM(H�5�F=EH+aVH=9�H3P
¦-4VF=234sM�Hf}sâ3P Ø t�¦�4:F�234VM(H[k[F=2�H=9�H3v&485�;39�@:A+G=4V9393F�@:A+B'z8P Ì @67�; D ?�93E3�3;3I f(z)

H+9�H+7�; CA+;3K34s@8E�H+I¤GLE'F+7�B=�34
T = {R2 < |z− z0| < R1}

v�A=F�4V4x2�H=a87�F&§�4:9�;34xG�2�I�5qk[F�2�H+9�H
f(z) =

∑∞
n=−∞ cn(z−z0)

n
485�;39�@:A+G=4V9393F�v�0323;3K34sM$E�F=� D[D ;3�3;34:9�A+b�2�H+a:7�F&§�4:93;IF=0323485�4873I3m1A=@dI D F=2�M�?s7�H=M�;¡t Ø z8På U Í ^Væ+^+Ôl�~���'Ò8ÔJ�`U+ç ôLF=E�H+§�4VMjv�K3A+F�E'F�� D[D ;3��;34:93A=b cn

F=0323485�4873I3m1A=@dI D F�2�M�?s7�H CM�;�t Ø z1FV5�93F=a:9�HsK39�F�P�>�?�@:A+Bq;�M�4V4:A=@dI�5�23?��:F�4�2�H+a87�Fs§�4V93;34 D ?'9�E3�3;3; f(z)
Ge2�I�5

k[F=2�H=9�H3v

f(z) =
∞
∑

m=−∞

c′m(z − z0)
m

G�A+F�MÐ§�4�E�F+7�B��34
R2 < |z − z0| < R1

P���bcw=4:234sMÐF=E323?'§¤93F'@8A+B
CR

2�H`5�;3?�@:H
R
v
R2 < R < R1

@J�34V93A+23F'M�GfA+F�K3E'4
z0
P�Ú[Hq�VA+F=N¡F�E323?'§J9�F�@8A=;$2'I�5 @]p�Fs5�;3A=@dI

2�H+G�93F�M�4V2393FJ;f03F=�VA+F�M�?|4V�:FOM�Fs§¤93F¤?M�93Fs§¤;3A=B¤9�H
(z − z0)

−n−1 t��d5�4 n C 7�mow�F=4�3487�F�4�K3;�@67�F'z|;�0323F�;393A+4V�:23;32�F=G�H=A+B¥03F
CR

G 0�F+7�F&§¤;3A+487�B=93F'MZ9�H=032�H+G=7�4:9�;3;-P
>�F+7�?�K3;�M

∫

CR

f(z) dz

(z − z0)n+1
=

∞
∑

m=−∞

c′m

∫

CR

(z − z0)
m−n−1 dz

t ä z
ô�H`7�4V4y;�@:03F+7�B�a:?=4sM�A+F�v3K3A=F

∫

CR

(z − z0)
m−n−1 dz = iRm−n

∫ 2π

0

ei(m−n)ϕ dϕ =

{

0, n 6= m

2πi, n = m

t�0323;�G=bcK�;�@67�4V93;3;�03F�@87�465�9�4:�:F|;�93A+4:�V2�H`7�H|w�bj7�HOG=G=485�4:9�HO0�H+2�H�M�4:A+2�;3aVH=�3;I
z =

z0 +Reiϕ
z6P�¦�H=E3;�M¥F=w�2�H+aVF�M¡GJ032�H+G�F=NqK�H=@:A+;¡t ä ziF'@8A`H+4:A�@]Iq485�;39�@8A=G=4:9�93F=4[@67�H=�6H C4VM�F=4�P�/1A�@8m�5�Hl03F=7�?�K�H+4sM

∫

CR

f(z) dz

(z − z0)m+1
= 2πic′m

A+F¤4V@8A+B
cn = c′n

K3A+F¤;eA+2�4:w=F�G�H+7�F�@:B[5�F�E�H=aVH+A=B�P
>�23;�M�4:2�b[<
}�P ¢ H=a87�F&§¤;�M�G�2'I�5¤k[F�2�H+9�H D ?�93E3�3;3m f(z) = 1

z(z−1)

0323;
z0 = 1

P ¢ H+a:7�Fs§¤;�M
f(z)

9�Hl0323F'@8A+bc4y5�23F=w�;
1

z(z − 1)
=

1

z − 1
−

1

z

ù



>�4:23G'H`I�5�23F=w�B ?'§�4OI3G+73I34VA=@]I�K7�4V93F�M×2�H+a:7�Fs§�4V93;IuG�2'I�5¥k[F=2�H=9�H3P�ô�73IuA=F=�:F�v
K3A+F=w�b£G=bc03;�@VH+A+B|2�H+a:7�F&§�4:93;34LG�A+F=2�F=Nf5�23F=w�;-v�M�F&§J9�F¤5�4:N�@8A+G�F=G�H=A+BJ5�G=?M�I�@:03F C@8F=w'H=M�;-<
t·ú�z � @:03F+7�B�a:?=4sM�asH=M�4:93?

w = z − 1
v	A=F=�]5�H

z = w + 1
; D F=2�M�?&7�?¡@8?M(M�b�:4:F'M�4:A+2�;3K34V@:E'F=Nf0323F��:234s@:@8;�;

1

1 + w
=

∞
∑

n=0

(−w)n, |w| < 1

�iF�a:G�2�H+nlH`I�@8BLEf;�@dp�FV5�93F=Ne034:234sM�4:939�F=N
z
v3F�E'F=93K�H+A+4:7�B=93Fl03F=7�?�K�H+4sM

1

z(z − 1)
=

1

z − 1
+

∞
∑

n=0

(−1)n+1(z − 1)n

¢ H=a87�F&§�4:93;34iG�A+F=2�F=�:FoK7�4:9�Ho@:032�H=G=465�7�;3G=Fo0323;
|z−1| < 1

P+hiF=F�A+G=4VA=@8A=G=4:9�93F�vVG�4V@8B
2�I�5f@]p�Fs5�;3A=@dIO0323;

0 < |z− 1| < 1
t��:A+F�E'F=7�B=�3F�v=?JE'F�A+F=23F��:F�G=9�?'A=234:9393;�NO2�H&5�;3?�@

2�H+G�4:9�9�?s7�mLv-9�4J03?�A`H+A+B�@lE323?��VF�Mjö÷zy>�2�H=G=;7�B=9�H`I�K�H�@8A+Bf2'I�5�Hek[F�2�H+9�He@8F�@:A+F=;�A
;3a[w=4V@:E'F=9�4:K393F��:FlK3;�@67�HJK7�4V93F=G�v�d7�H=G=9�H+I|K�H�@8A+B C ;3a[FV5�9�F=�:FlK37�4:9�H 1

z−1

P
t�û�z�/10I3A=B1A&H=E3;-v&;�@803F=7�B=a:?�4VMfasH=M�4:9�?

w = z−1
v&A+F=�d5�H

z = w+1
;L0�23;�M�4:9�;�M

D F=2�M�?&7�?|@8?M(M�b��:4:F'M�4:A+23;�K34V@:E'F=Nf0323F��:234V@V@8;3;�v93F¤03F�5�23?��:F'M�?
1

1 + w
=

1

w
·

1

1 + 1
w

=
1

w

∞
∑

n=0

(

−
1

w

)n

=

∞
∑

n=0

(−1)nw−n−1,

∣

∣

∣

∣

1

w

∣

∣

∣

∣

< 1

�iF�a:G�2�H+nlH`I�@8BLEf;�@dp�FV5�93F=Ne034:234sM�4:939�F=N
z
v3F�E'F=93K�H+A+4:7�B=93Fl03F=7�?�K�H+4sM

1

z(z − 1)
=

−2
∑

n=−∞

(−1)n(z − 1)n

¢ H=a87�F&§�4:93;34�G�A+F=23F��:FOK37�4:9�Hq@80�2�H+G�465�7�;�G=FO0323;
|z − 1| > 1

P-hiF=F�A+G=4VA=@8A=G=4:9�93F�v�;
G=4V@:Be2'I�5 @]p�Fs5�;3A=@dI$0323;

|z − 1| > 1
t��VA+F E'F=7�B=�3F�v.?�E'F=A=F=23F��:FeG�93?�A+234:9�93;3N¡2�H C5�;3?�@�2�H+G�4:9u}=v�H¤G�934:r�93;3N C w=4s@8E�F=934VK393F�@:A+;-P÷zc>�2�H=G=;7�B�9�H`IfK�H=@:A+BO2'I�5�H¤k[F�2�H+9�HF=A=@:?'A�@8A+G�?=4:A&v��X7�H=G=9�H+I¤K�H=@8A=Bl@8F'@8A+F�;3AL;3ayw�4V@8E�F=934VK393F=�VF�K�;�@67�H�K7�4V93F=G�P�Ú[H`7�;3K3;34

5�G=?'p 2�H+a:7�F&§�4:93;3N�G¡2�I�5,k[F�2�H+9�H�5�73I�Fs5�93F=N�;�A+F�N¥§�4 D ?�93E3�3;�;�_��f�`\�U&Ô���S�`U]\��8Õ��ÔêA+4VF=234sM�4�F|485�;39�@:A+G=4V9393F�@:A+;�2�H=a87�F&§�4:93;3I�G|2�I�5$k�F=2�H+9�H3v�A`H+E�E�H=E��VA+;
2�H+a:7�Fs§�4V93;IL@:F=F�A+G=4VA=@8A+G�?�moAc\^VæV����Õ_�ü�W¡E'F=7�B=��H�MjvVG1E'F�A+F=2�bjp[2�H=@:E7�H&5�bcG'H+4sM(H`I
D ?�93E3�3;IfH=9�H`7�;�A+;3K39�H�PØ P ¢ H+a87�Fs§¤;�M�G�2'I�5fk[F=2�H+9�HL@1�34V93A+23F'M�G

z0 = 0 D ?'9�E3�3;3m f(z) = e−
1
z

P � @ C03F+7�B�a:?=4sMuA+F=A D H=E3A&v�K3A=Fl2'I�5q5�7�I D ?�93E3�3;�; ew @]p�Fs5�;3A�@]IqG�F�G�@:4:NqE'F'M�07�4:E@893F�N07�F�@:E'F'@8A+;-v303F��:A+F'M�?J5�7�Iq7�m1w=F=�VF
z 6= 0

;�M�4:4VM

e−
1
z = 1−

1

z
+

1

2!z2
+ . . . =

∞
∑

n=0

(−1)n

n!zn

�ibc0�;�@:H=9393bcNe2'I�5�@dp�FV5�;3A=@dIeG=FJG�@:4:NeE'F'M�07�4:E@893F�Ne07�F'@8E�F�@8A=;ew=4Va�A+F=K3E3;
z = 0

v
E'F=A=F=23?�míM�Fs§¤93Ff;393A+4V2303234VA+;323F�G�H+A=BfE�H=E�E'F=7�B=��F�v�?�E'F�A+F=23F��:FeG=93?�A+234V9393;3N$2�H C5�;3?�@e2�H+G=4V9 93?&7�mLv�H�G�934:r�93;3N C w�4V@8E�F=934VK393F�@:A+;-P ¢ I�5,k[F�2�H+9�H�G$�:A+F'Mì@87�?�K�H+4

ý
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n = 0

P

����ãþ��	�����������������áu���	����#+*����#+*�{ÿ���#+���������	����������!(���������,*3�����	���
/10323465�487�4:9�;34=< ¢ I�5qG�;�5�H ∑∞

n=−∞ cnz
n
v'@dp�FV5�I3n�;3N�@dI¤G=F�G�934:rL9�F�@8A=;¤934VE'F=A=F=23F��:F

E323?��6H
r < |z| < ∞

9�H+aVbcG�H=4:A=@dI�2'I�5�F�MZk[F�2�H+9�HuG�F�E3234V@:A+93F'@8A+;�w=4V@:E'F�934:K393F
?V5�H+7�4:9393F�NyA=F=K3E3;�PV>�23;��VA+F�M¡�~��^+�`_�U&�LÕ3^=Ò8Ôl�=Óq2'I�5�Hjk[F�2�H+9�HiGcF�E3234V@:A+93F�@:A+;

z0 =
∞
9�H+aVbcG�H=4:A=@dI ∑∞

n=1 cnz
n
v'H[032�H+G=;37�B=93F�N C ∑0

n=−∞ cnz
n
t�A+FL4s@8A+B�v=9�H+F=w�F=23F=A�ö z
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